Jahn-Teller effect (JTE) widely exists in polyatomic systems including organic molecules, nanomagnets, and solid-state defects. Detecting the JTE at single-molecule level can provide unique properties about the detected individual object. However, such measurements are challenging because of the weak signals associated with a single quantum object. Here, we propose that the dynamic JTE of single defects in solids can be observed with nearby quantum sensors. With numerical simulations, we demonstrate the real-time monitoring of quantum jumps between different stable configurations of single substitutional nitrogen defect centers (P1 centers) in diamond. This is achieved by measuring the spin coherence of a single nitrogen-vacancy (NV) center near the P1 center with the double electron-electron resonance (DEER) technique. Our work extends the ability of NV center as a quantum probe to sense the rich physics in various electron-vibrational coupled systems.
The Jahn-Teller effect (JTE) is one of the most important phenomena caused by electron-vibrational interaction, which has broad impact on both physics and chemistry. In fundamental physics, JTE relates to the symmetry-breaking concept, where the system Hamiltonian has a certain symmetry, but the ground state does not. In chemistry and condensed matter physics, the JTE is essential in understanding the structure, the optical and magnetic properties of polyatomic systems like molecules and solid state point defects.
The dynamic JTE describes the transitions of the system from one stable configuration to another. This configuration transition can happen with the help of thermal excitation or quantum tunneling [1] . The dynamic JTE is usually measured by the change of optical or magnetic resonance properties under different conditions (e.g., temperature and strain). The characteristic parameters of the JTE, including the the potential barrier height and the tunneling rate, are usually inferred indirectly from the ensemble averaged quantities such as optical and magnetic transition frequencies and line widths. Directly monitoring the quantum jumps of individual systems in real-time (e.g., a single molecule or a single solid-state defect) is intriguing and will provide more knowledges about the dynamic JTE and the local environment. However, to our knowledge, the real-time measurement of dynamic JTE of an individual system is not achieved because of the weak signal associated with a single molecule or a single defect.
In this work, we propose to measure the dynamic JTE of a typical kind of single solid-state defects, namely, the substitutional nitrogen defect centers (P1 centers) in diamond [2] . Although the undistorted structure has a * nzhao@csrc.ac.cn tetrahedral symmetry, the energetically stable configurations of P1 center have triangle symmetry due to the Jahn-Teller distortion. There are four equivalent orientations of P1 centers corresponding to the nitrogen atom shifting along the direction of four N-C bonds. The JTE of P1 centers was observed via electron spin resonance [3] and electron-nuclear double resonance [4, 5] , and the orientation relaxation (reorientation) rate was measured and calculated in a wide range of temperature. At temperature T > 250 K, the reorientation rate ν follows the Arrhenius law [2, 6] 
where k B is the Boltzmann constant, ν 0 ∼ 4 × 10 12 s −1
and V = 0.76 eV. At low temperature ( T 200 K), the reorientation rate deviates from the Arrhenius law, ranging from 10 −3 s −1 to 10 −5 s −1 [6] . The low rate at low temperature allows us to observe the reorientation process of individual P1 centers in real-time.
We propose to monitor the reorientation process of single P1 centers using the nitrogen-vacancy (NV) centers in diamond as quantum probe. The NV centers have been demonstrated to be ultra-sensitive magnetometers with atomic-scale resolution [7, 8] . Particularly, single NV centers were used to detect the weak magnetic signals emitted form single nuclear spin clusters [9] [10] [11] [12] [13] [14] [15] . Also, non-magnetic signals can be detected by converting to magnetic ones [16] . Notice that the Jahn-Teller distortion modifies the magnetic resonance frequency of the P1 centers electron spins [17, 18] , and the spins couples to the NV center electron spin through the magnetic dipolar interaction. Thus, it is possible to readout the P1 center state via an adjacent NV center.
The readout of the an individual P1 center orientation can be realized by using the double electron-electron resonance (DEER) technique [19, 20] . It is well-established that high concentration P1 centers in diamond (e.g., ∼ 10 2 ppm) serve as an electron spin bath, which causes the electron spin decoherence of the NV centers [17, 18] . The decoherence effect can be partially removed by resonantly driving the P1 center bath spins using microwave pulses [21] . Due to the hyperfine interaction to the nitrogen nuclear spins, the P1 centers with different orientations can have different magnetic resonance frequencies in strong magnetic fields [4, 17, 21] . This enables driving P1 centers with particular orientation using frequencyselective microwave pulses [21] . In the following we show that, among a large number of P1 center bath spins, the nearest P1 center to the NV center usually has much more significant impact on the NV center spin coherence, whose orientation can be readout in a single-shot manner [22] by repetitive measurement on the NV center. The proposed method is not limited in specific detected systems and, in principle, can be generalized to measure the JTE of other single quantum systems. Possible application includes monitoring the dynamic JTE of single molecular nano-magnet with shallow NV centers in diamond. This work extends the physical processes that NV centers can detect, and makes the investigation of JTE at single-molecule level possible.
1 µs (i.e., the free-induction decay, or, FID) due to the noise field created by the bath spins (i.e. the inhomogeneous broadening). With the well-known spin-echo technique, where a π-pulse is applied on the NV center at time t = τ , the static fluctuations will be refocused and the coherence recovers at time t = 2τ . In this case, the coherence time is extended to T 2 which is much longer than T * 2 [17] .
(color online) (a) Schematic illustration of NV center (the black spin) in an electron spin bath consisting of P1 centers (the red and blue spins) . The structure of P1 centers is shown on the left, and the red arrow indicates the elongated N-C bond. In a strong magnetic field B along the [111] crystallographic direction (the z-axis), the bath spins are randomly aligned parallel or anti-parallel in the z direction. All the bath spins are classified as the resonant group (blue) and the off-resonant group (red) according to their magnetic transition frequencies (see text). (b) The double electron-electron resonance (DEER) pulse sequence. (c) Magnetic resonance spectroscopy of P1 centers. Five dips associate with different orientation v and 14 N nuclear spin state Iz. In this paper, we focus on driving the P1 centers with the 3 resonant frequencies indicated by the arrows.
The DEER sequence uses an additional π-pulse to flip the P1 center spins at t = τ . The resonant frequency of the P1 center depends on its orientations and nuclear spin states [4, 17, 21] . In strong magnetic fields, the electron spin of the P1 center couples to its nitrogen nuclear spin by the hyperfine interaction
where the coupling strength A (v) k depends on the P1 center orientation v ∈ {a, b, c, d}. For the P1 centers with distortion axis parallel with the magnetic field direction (the v = a case), the coupling strength A 
(color online) (a) NV center electron spin coherence under DEER sequence. Each curve is calculated with randomly generated P1 center orientations. The orientation is assumed to be unchanged (static) during the coherent evolution (e.g., t < 5 µs). The curves in cyan (red) are the NV center coherence with the nearest P1 center (i.e., the most strongly coupled one) in the resonant (off-resonant) group. The black solid curve is the NV center coherence averaged over all the P1 center orientations. The vertical dashed line indicates the working point where the single-shot readout is performed. The parameter η1 of this bath configuration is η1 = 0.64. (b) Histogram of the NV center spin coherence at t = 1.8 µs (the working point) for different bath spin orientations.
orientation (the v = a case) has larger splitting for the I z = ±1 resonant frequencies (see Fig. 1c ).
The effect of the two π-pulses cancels each other if both NV center and P1 centers are resonantly flipped. The resultant pulse sequence, in this case, is equivalent to the FID case (with two π/2-pulses only). Thus, the microwave π-pulse on P1 centers divides the bath spins into two groups (see Fig. 1 ): (i) the resonant group G res , in which the spins are flipped by the pulse; and (ii) the off-resonant group G off , in which the spins are unaffected. The P1 centers in the off-resonant group contribute little to the NV center spin decoherence due to the refocusing pulse on NV center, while the bath spins in the resonant group, as long as the spin number |G res | is not too small, dominate the decoherence. In this case, the coherence decays as (see Appendix B)
where the product is performed over all the P1 centers in the resonant group. By setting excitation frequencies of the microwave pulses, we can choose the orientation and nuclear spin states, in which the P1 centers contribute to the NV center decoherence. To be concrete, we consider the microwave pulses drive the three peaks separated by 114 MHz (see Fig. 1c ). In this case, the resonant group G res contains the P1 centers in 6 states {v, I z } = {a, ±1} and {v, 0}, for v = a, b, c and d. Assuming that the 12 states of P1 centers {v, I z } are randomly populated with equal probability, we have about half P1 centers belonging to the resonant group G res .
B. Single-Shot Readout of P1 Center Orientation
Because of the inverse-cubic dependence of the dipolar coupling strength on distance, the adjacent P1 centers to the NV centers have much more significant contributions to the spin coherence. For the moment, we focus on the nearest P1 center to the NV. In the case of P1 center concentration c = 200 ppm, the typical distance between the NV center and the nearest P1 center is several nanometers, and the coupling strength, denoted by b 1 , is in the order of ∼ MHz. To quantify the contribution of the nearest P1 center, we define the ratio
where b 2 k characterize the size of the fluctuation due to the kth P1 center. Our simulation shows that the probability of strongly coupled P1 center is not too small. About 13% randomly generated bath configurations have the ratio η 1 > 0.5 (see Appendix A).
For a given configuration with large η 1 (see Fig. 2 ), the NV center decoherence behavior in time domain strongly depends on whether or not the the nearest P1 center is in the resonant group G res . Figure 2 shows the calculated NV center coherence under DEER sequence for a given bath configuration and with random states {v, I z } being assigned to each P1 centers. The decoherence behavior dramatically changes if the state of the nearest P1 center changes from the resonant group to the offresonant group, while the state change of other P1 centers only causes small modifications. By choosing appropriate working point (the vertical dashed line shown in Fig. 2a ), one can realize the single-shot readout of the P1 center state by repetitive measurement on the NV centers.
C. Monitoring Quantum Jump in Real-Time
At finite temperature, both the P1 center orientation and its nuclear spin state are changing in time. The change of P1 center state is simulated by a Markov stochastic process (see the Appendix C). Figure 3a shows a typical realization of the jump process of the nearest P1 center. The P1 centers located at different positions have similar random jump behavior (not shown). In Fig. 3 , we use the orientation relaxation time τ v = 100 s corresponding to the temperature T = 262 K [see Eq. (1)]. The nitrogen nuclear spin life time T 1n is much shorter, assumed to be 50 ms [23] .
The quantum jump of P1 center can be monitored by measuring the NV center coherence with DEER sequence. A single DEER sequence is completed in about T DEER = 5 µs, which consists of the time for laser initialization/readout of NV center spin state (3 µs), microwave pulse duration (∼ 10 2 ns), and the time for coherent evolution (1 − 2 µs according to the working point, see Fig. 2a ). During the time of a single DEER sequence T DEER , the P1 center state is hardly changed (i.e., T DEER T 1n and τ v ). Figure 3c shows the evolution of the NV center spin coherence, which is calculated according to the P1 center states at each instant. The spin coherence switches between two values L low and L high whenever the nearest P1 center jumps into or out of the resonant group G res . The state change of those P1 centers with much weaker coupling causes the small fluctuation of NV center coherence around L low or L high .
In realistic measurements, one has to repeat the DEER sequence, e.g., M = 10 5 times, to build up statistics. The total measurement time T M = M T DEER = 0.5 s is much longer than the nuclear spin relaxation time T 1n , but can be much shorter than the orientation relaxation time τ v at low temperature. By recording the number of photons collected in every 0.5 s, one averages out the coherence change due to nuclear spin flipping events, leaving only the reorientation events being monitored. Figure 3e shows a numerical simulation of the quantum jump process. Each data point represents the photon number collected in 0.5 s. Higher counts correspond to the nearest P1 center in the v = b, c, or d orientations, while the lower counts indicate that its orientation is along the z axis (v = a). With the strongly coupled nearest P1 center and an appropriately chosen working point, the photon counts of every 0.5 s follow a well-separated double-Gaussian distribution (see Fig. 3f ). The peak separation (the contrast) is determined by the coherence difference L high − L low at the working point. The peak widths (photon number fluctuations) come from the photon shot noise, the fluctuation of spin coherence around L low and L high due to the weakly coupled bath spins (see Fig. 2 ), and the fluctuation caused by nuclear spin flipping. Setting an appropriate threshold photon number (e.g., n th = 2.54 × 10 4 in the case of Fig. 3f ), one can define the fidelity of the single-shot readout (see Appendix D for more analysis of the photon count distribution and the fidelity). As shown in the case of Fig. 3 , the fidelity of single-shot readout of P1 center orientation is 99.4%.
D. Temperature dependence of quantum jumps process
The reorientation rate is very sensitive to temperature T [see Eq. (1) ]. With a given nuclear spin relaxation, we investigate the reorientation process at different temperatures. Figure 4 shows the simulation results. The fidelity is decreasing when increasing the temperature, because of the more frequent orientation change during T M = 0.5 s. If the temperature is high enough (e.g., T = 319 K), the signal of JTE will be completely averaged during the time of photon collection. Hence, we expect only one Gaussian peak of the photon counts. Numerical simulation confirms this behavior, as shown in Fig. 4f .
III. DISCUSSION AND CONCLUSION
We have considered the quantum jumps of P1 center with 14 N nuclear spin. The transition frequencies of four orientations are degenerate when the nuclear spin in the state with I z = 0. This degeneracy prevents us from driving P1 centers with a specific orientation but regardless of their nuclear spin state. Indeed, the fast nuclear spin relaxation reduces the signal contrast by a factor of 2/3, in the driving scheme discussed above (Fig. 1c) . This will be different if the bath consists of P1 centers with 15 N nuclear spins. The degeneracy of transition frequency will be lifted, and readout signal can have a full contrast (see Appendix F).
The above analysis demonstrates the real-time measurement of dynamic JTE of a single P1 center. In our simulation, we notice that, for randomly generated spin bath, it is possible to have several P1 centers that are strongly coupled to the NV center. In this case, the NV center spin coherence will be sensitive to the states of these P1 centers. Using the same DEER sequence demonstrated here, it is possible to observe quantum jumps of more than one P1 centers.
Before conclusion, we point out that our proposal does not strongly depend on the details of detected quantum objects (e.g., their detailed electronic structures). The single-shot readout measurement will work if (i) the detected object carries either electron spin or nuclear spin, and it couples to the NV center spin; (ii) the reorientation process causes the change of magnetic resonant frequency; and (iii) the readout sequence is fast enough in comparison with the reorientation rate. It is possible to fulfill these conditions in various systems such as molecular nano-magnets at low temperature. Detailed analysis of other physical systems is beyond the scope of this paper. However, we believe that, using shallow NV centers close to diamond surface, people can observe of the dynamic JTE of external single molecules in the near future.
In this work, we propose to measure the dynamic JTE of single P1 defect centers in diamond. Thanks to the hyperfine interaction with the nitrogen nuclear spins, the defect center orientation is correlated with the magnetic resonant frequency. Thus, the orientation can be readout by applying a DEER sequence. Our work extends the ability of NV centers as an outstanding quantum sensor in atomic scale, particularly, when the proposed method is generalized to detect the vibrational dynamics of single molecules outside diamond.
Appendix A: Statistics of Random Spin Bath Configurations
In order to observe the JTE, we need the nearest P1 center spin has much stronger interaction with the NV center in comparison with other P1 center spins in the given spin bath configuration. Since the dipolar coupling strength between P1 center and NV center inversecubically depends on their distance, it is not difficult to find a spin bath configuration in which the nearest P1 center has a significant contribution to the NV cen- Figure S5 shows that the probability of the ratio η 1 > 0.5 is about 13.4%. This section presents the calculation of the NV center electron spin coherence under the DEER sequence. We will focus on the situation discussed in the main text, where about half of the P1 center bath spins are resonantly flipped by the microwave π-pulse. Since the P1 center orientation v and its nuclear spin state I z are hardly changed in the time scale of NV center decoherence (i.e., ∼ µs), the states {v, I z } of each P1 centers are assumed to be static when calculating the coherence. The effect caused by the jumps of states {v, I z } in a longer time scale is analyzed in the main text.
As discussed in the main text, with given states {v, I z } of each P1 centers and given excitation frequencies of microwave pulse, the bath spins are classified into the resonant group and the off-resonant group (see Fig. 1 of the main text). Since the microwave pulse on the P1 centers has different effect on the resonant and offresonant groups, the decoherence due to these two groups are treated differently.
For the resonant group, the physical effect of the π pulses on the NV center and P1 centers cancels each other. In this case, the DEER sequence is indeed equivalent to the free-induction decay (FID, i.e., with only the two π/2 pulses on the NV center) case. During the period of several µs, the interaction between bath P1 centers (usually < 10 2 kHz) in the resonant group can be neglected, and the decoherence L res caused by the P1 centers in the resonant group is
where
are the conditional Hamiltonians of P1 center bath spins for the NV center electron spin in two eigen-states of S z 0 , |m S = 0 and |m S = +1 , respectively.
For the off-resonant group, the pulses on the P1 centers do not take effect. Thus, the π pulse on the NV center refocuses the static fluctuations due to the P1 center bath spins in the off-resonant group. In fact, the spin echo of NV center in P1 center electron spin bath has been well-studied. The noise due to the bath spins in the off-resonant group can be modeled by an Uhlenbeck stochastic process [18] with correlation function C(t) = b 2 exp(−|t|/τ c ), where b is the characteristic noise strength, and τ c is the noise correlation time. With this model, the NV center spin echo signal decays as [18] 
The typical value of coherence time T 2 = 3.5 µs was observed in similar diamond sample (with P1 center concentration about c ∼ 200 ppm) considered in our work. Notice that, the effective bath spin concentration of the off-resonant group is twice smaller than the full concentration. The coherence time due to the off-resonant group should be prolonged by a factor of 2, i.e. T 2 ∼ 7 µs in this case, since the coherence time is inversely proportional to the bath spin concentration in the dipolar coupled systems [24] . With the single-shot readout with working point t = 1.8 µs used in the main text, the off-resonant group has negligible effect on the NV center spin coherence, i.e., L off (t = 1.8 µs) ≈ 1. The Q-matrix of the Markov chain simulation of P1 center (with 14 N nuclear spin) quantum jump. The parameters ν and γ1n ≡ 1/T1n are the relaxation rates of orientation and nuclear spin states, respectively.
Indeed, the bath spins in the off-resonant group can be further decoupled by applying multi-π-pulse dynamical decoupling sequence, and the coherence time T 2 can be, at least, extended to 10 2 µs [18] . If π pulses are also applied on the P1 centers simultaneously (a generalized multi-pulse DEER sequence), the decoherence due to the bath spins in the resonant group is not changed, while the contribution of the off-resonant group can be completely neglected.
The inter-group spin interaction has little effect on the NV center spin coherence. Because of the large frequency mismatch between the resonant and the offresonant groups, the inter-group spin pair flip-flop process is greatly suppressed. Thus, it is reasonable to assume that the parameters characterizing the noise from the off-resonant group (i.e. b and τ c ) are not affected by the spins in the resonant group. Accordingly, the NV center decoherence is caused independently by the two groups
(B5)
Appendix C: Simulation of Quantum Jump Process
The real-time change of each P1 center state is simulated by a continuous-time Markov stochastic process [25] . For P1 centers with 14 N nuclear spins, the Markov chain {X(t), t ∈ [0, +∞)} has a twelve-state space E = {(v, I z )} with v ∈ {a, b, c, d} and I z ∈ {−1, 0, +1}. The Q-matrix (or infinitesimal generator) of the process is given in Table I .
The quantum jump of P1 centers is studied by a holdand-jump process, which is particularly useful for computer simulation. For a given P1 center in the bath, at random times t = t 1 , t 2 , . . . , t n , . . . , it changes to a new state, and the sequence of states constitutes a discretetime process S = {S n |S n ∈ E}.Usually, we call t n the jump times and τ n = t n − t n−1 the holding times (with t 0 ≡ 0). For example, τ 1 is the time that the P1 center stays in S 0 before it jumps to S 1 . The holding times of the ith state are random variables follows exponential distribution with mean value q i = −q ii = j =i q ij , where q ij is the matrix element of the Q matrix.
The following algorithm is performed to implement the hold-and-jump process of each single P1 center in the bath:
(1) Set a total evolution time T tot ; start the process at t = 0 with a randomly generated initial state i ∈ E;
(2) For the current state i, generate a holding time τ , which follows an exponential distribution with parameter q i ; (3) Replace the value of t ← t + τ ; set the jump matrix Π = (π ij ) with π ii = 0 and π ij = q ij /q i .
(4) Randomly choose a new state j with the probability distribution given by the i th row of the jump matrix Π; (5) If t < T tot , set i ← j and return to step (2); otherwise, the simulation is completed.
The simulated jump process of the nearest P1 center to the NV center is shown in Fig. 3(a) of the main text. Other P1 centers located at different positions have similar random jump behavior.
Appendix D: Single-shot Readout Fidelity
In this appendix, we analyze the fidelity of the singleshot readout process. To this end, we first study the photon count distribution.
Photon count distribution. The photon count distribution, in general, is of a double-Gaussian shape. The broadening of the Gaussian peaks comes from three sources: (i) the photon shot noise; (ii) the fluctuation of NV center coherence caused by the weakly coupled P1 centers; and (iii) the 14 N nuclear spin flipping of the detected (nearest) P1 center. The influence of these mechanisms on the photon count distribution is discussed as follows.
Photon shot noise. The single-shot readout process is essentially a repetitive measurement on the NV centers. With M times independent measurements, one can collect n photons, which is a random variable and follows a normal distribution in the large M limit (i.e., M 1)
wheren L,M and δ 2 M (L) is the expectation value and the variance of the photon number for a fixed coherence L of the NV center. If the NV center is prepared in |m S = 0 state, M readout measurements result inn |0 = M ξ photons on average, where a typical value ξ = 0.3 is used for the mean photon number of each measurement (determined by the count rate, photon collection efficiency, and the duration of the readout laser pulse). An NV center in |m S = 1 state emits less photons than in the |m S = 0 state. With a contrast factor C = 0.7, the mean photon number for the |m S = 1 state isn |1 = C ·n |0 . An arbitrary coherence value L is mapped to a mean photon number asn
and the variance is
is the mean photon number per measurement with the given coherence L. Fluctuation due to weakly coupled P1 centers. In fact, the coherence L is changing due to the weakly coupled P1 centers. As shown in Fig. 2b of the main text, the NV center spin coherence L DEER under DEER sequence follows two normal distribution P low (L) and P high (L) centered at L low and L high and with variances σ 2 low and σ 2 high , respectively, i.e.
As explained in the main text, with a strongly coupled P1 center close to the NV center, and with a properly chosen working point, the two Gaussian peaks are well-separated (i.e. L high − L low σ low + σ high ), and their overlap can be neglected. The fluctuation of the NV center coherence L causes the broadening of the photon count distribution as
where the integral region can be safely extended to (−∞, +∞) as long as the coherence distribution P low/high is narrow enough (i.e., σ low/high 1). When the P1 center is in the v = a orientation (parallel to the magnetic field), with M measurements (e.g., M = 10 5 ), the photon count distribution follows a normal distribution
with mean valuen and variance Σ
In Eq. (D7), we have neglected the coherence L dependence of the variance δ
. This is a good approximation as long as the fluctuation of coherence L is small (i.e., σ low/high 1), which is the case in this work.
For the P1 center in v = b, c or d orientations (the nonparallel orientations), the 14 N nuclear spin flipping will mix the two distributions D low and D high . The coherence L follows the distribution P low (L) when I z = 0, while it follows P high (L) when I z = ±1. For a given measurement number M , xM measurements are performed with I z = 0, and (1 − x)M measurements are performed with I z = ±1, where 0 < x < 1 is the probability of the nuclear spin in the I z = 0 state (see Fig. 3d ). With a given value of x, the photon number distribution is the convolution of the two distributions D low and D high
Essentially, the probability x itself is a random variable. For the moment, we consider the fast relaxation limit of the 14 N nuclear spin. When nuclear spin relaxation time T 1n is much smaller than the measurement time M T DEER (i.e. T 1n M T DEER ), the nuclear spin flips many times during the time of M measurements. In this case, three nuclear spin states I z = 0, ±1 are equally populated, and the fluctuation of x is negligible. With the random variable x replaced by its expectation valuē x = 1/3, and with the similar approximation applied in Eq. (D7), the distribution D ∦ (n; M ) of the non-parallel case in the fast nuclear spin relaxation limit is also a normal distribution
where the mean valuen ∦ and the variance Σ 2 ∦ are calculated as
Broadening due to nuclear spin flipping. Now, we analyze the effect of fluctuation of x at finite nuclear spin flipping rate γ 1n = 1/T 1n . In this case, the photon count distribution of the non-parallel case must be averaged over the distribution W (x) of x, i.e.,
The mean phonon numbern ∦ is insensitive to the fluctuation of x, while the width Σ ∦ is broadened when taking into account the finite variance s The cyan, green and blue curves are, in turn, the fidelity components F1, F2 and the total fidelity F in the large γ1n limit. The red curve is the fidelity corresponding to the parameters in the main text (i.e., τν = 100 s, γ1n = 20 s −1 ) and working point t = 1.8 µs. The fidelity drops significantly when the measurement time TM approaches the assumed nuclear spin relaxation time T1n = 50 ms (e.g., the region of TM 0.1 s).
One obvious reason for the readout error is the overlap of the two Gaussian distributions D and D ∦ . Increasing measurement number M will decrease the overlap (see Fig. S7 ). However, another mechanism, namely, the state change of the nearest P1 center during the single-shot readout process (i.e., during the period T M = M T DEER ), will cause the readout error when increasing the measurement time (i.e., increasing M ).
To quantify the readout fidelity, we define a threshold n th value of photon number collected with M times repetition measurements as the weighted average ofn and
The readout fidelity because of the distribution overlap is quantified as
The pre-factors (i.e., 1/4 and 3/4) account for the equilibrium populations of the parallel and the non-parallel orientations.
The state change of the detected nearest P1 center during a single measurement period T M causes additional readout error, which is characterized by the ratio of measurement time T M = M T DEER to the orientation relaxation time τ v . In this case, the fidelity due to the state change is characterized by
The total measurement fidelity is the combination of the two components above
The two components F 1 and F 2 of the fidelity have different behavior when increasing the measurement time T M . In the short-time case, the readout error is dominated by the overlap between two Gaussian peaks, while in the large M case, the frequent change of orientation during the measurement time T M reduces the fidelity. The tradeoff of these two errors gives an optimal measurement period, as shown in Fig. S8 . In the case discussed in the main text, numerical simulation suggests that the optimal measurement scheme is near M = 10 The reorientation process can be monitored with different driving schemes. One can drive the bath spins with a single microwave frequency resonant to P1 centers in the state (v = a, I z = −1). The spin coherence switches to L low when the nearest P1 center jumps to the (a, −1) state, otherwise it stays at L high . However, due to the fast relaxation of nuclear spin, the nearest P1 center will quickly switch to different nuclear spin states and cannot keep in the state (a, −1) for a long time. Therefore, the photon number collected in 0.5 s has large fluctuation and the signal contrast is also reduced (see Fig. S9 ). Nevertheless, one can read out the orientation of the nearest P1 center with fidelity F ∼ 80%.
Appendix F: P1 Center with 15 N nuclear spin
Due to the degeneracy of four orientations in the state I z = 0 of 14 N P1 center, the signal contrast is reduced by a factor of 2/3. If the spin bath consists of P1 centers with 15 N nuclear spins, four dips will be observed corresponding to the electron spins in states {(a, ±1/2)} and {(v, ±1/2)} for v = b, c and d. By driving the two outer peaks (i.e., {(a, ±1/2)}), we can define the resonant group G res unambiguously with the P1 center in a orientation and the off-resonant group G off with the P1 center in b, c and d orientations. In this situation, the relaxation of nuclear spin states no longer mixes the resonant and off-resonant groups. Figure S10 shows the jump process of the nearest 15 N P1 center, evolution of the NV center spin coherence, the simulation of single-shot readout of P1 center orientation and the histogram of photons collected in 0.5 s. Being different with the results in the 14 N P1 center case, the NV center spin coherence changes from L high to L low only when the nearest 15 N P1 center jumps into the a orientation [see the difference between Fig. 3(d) of the main text and Fig. S10(d) ]. On the other hand, the signal contrast is improved (to the full contrast of 30%) in the 15 N P1 center case. 
